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Abstract
Cognitive radio technology will allow terminals to access licensed and unlicensed portions of the spectrum. This feature
will improve end-user satisfaction and will partially solve bandwidth scarcity problems. However, this opportunistic
access implies more transmission attempts and thus higher power consumption. This goes against the energy/power
eﬃcient design that underpins modern wireless communication systems. This paper partially addresses this issue by
proposing a random transmission policy that is energy-eﬃcient and that provides high throughput gains. To facilitate
analysis, a reception model for Rayleigh channels is here proposed that allows the calculation of correct packet reception
statistics in the presence/absence of interference between primary/secondary users. The analysis initially focuses on the
derivation of the boundaries of two types of trade-oﬀ regions: primary vs. secondary throughput, and sum-throughput
vs. power consumption. It is observed that secondary transmissions always increase power consumption, and in the
case of low interference they always lead to higher sum-throughput at the expense of reduced primary performance.
By contrast, in the case of high interference, secondary transmissions can reduce both sum-throughput and primary
user performance, thus requiring more complex control. It is shown that the minimum sum-throughput solution is
also the boundary of the region where primary/secondary contributions to sum-throughput start to become dominant.
An optimum transmission policy is further derived that maximizes sum-throughput while keeping primary/secondary
throughput and power consumption under control. Sketches of the trade-oﬀ regions show the beneﬁts of the proposed
transmission policy.
c© 2011 Published by Elsevier Ltd.
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1. Introduction
The increasing demand for higher data rates means that larger amounts of bandwidth are required to accom-
modate all traﬃc requests. However, a major part of the available spectrum has already been licensed to
legacy services. This has led to a spectrum scarcity problem for future applications [1]. Despite this fact,
several portions of the licensed spectrum remain largely under-utilized for relatively long periods of time.
This opens the possibility for a new type of device called cognitive radio, which will be able to opportunis-
tically access diﬀerent frequency bands without signiﬁcantly disturbing licensed/primary users [2]-[4].
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Cognitive radio will provide terminals with access to multiple frequency bands in an opportunistic fash-
ion. While this feature will allow higher spectrum eﬃciency and higher throughput gains, it also comes
at the expense of high power/energy consumption due to a higher number of transmission attempts. This
goes against recent trends in wireless communication design seeking for low power/energy consumption.
Therefore, several issues remain open regarding the complex tradeoﬀs between low power design and the
high transmission rates of opportunistic access with cognitive radio.
This paper attempts to partially address this issue by proposing a random transmission policy for primary
and secondary transmissions that maximizes sum throughput while keeping under control average transmis-
sion power and also ensuring a level of quality of service for primary/secondary users. For this purpose, a
packet reception model is here proposed for primary and secondary transmissions that mimics the potential
interference between the two types of transmission. In this work it is assumed that both primary and sec-
ondary transmissions are uncoordinated, thus resembling a random access network. The paper ﬁrst focuses
on the derivation of the boundaries of two types of trade-oﬀ region that will be useful for subsequent anal-
ysis. The ﬁrst region deals with primary vs. secondary throughput, which is also called throughput region.
This region shows convex and non-convex features depending on the level of interference. The second type
of region deals with the sum-throughput versus the total average power transmission, which in this paper
is regarded as proportional to the summation of the transmission probabilities of primary and secondary
transmissions. Once the properties of the two types of region have been discussed, the work focuses on
the proposed transmission policy. Sketches of the trade-oﬀ regions show the beneﬁts of the transmission
policies.
This paper is organized as follows. Section 2 describes the system and signal models. Section 3 presents
the reception model for primary and secondary user transmissions. Section 4 describes the two types of
trade-oﬀ regions to be studied. Section 5 is dedicated to the derivation of the boundaries of the two types
of trade-oﬀ region using multi-objective optimization. This section also presents an optimum transmission
policy that maximizes throughput while controlling power and primary/secondary throughput performance.
Section 6 presents the results by means of sketches of the two types of region, and ﬁnally Section 7 presents
the conclusions of the paper.
2. System and signal model
Consider the deployment scenario in Fig. 1 with L = 2 networks, operating in K = 2 diﬀerent frequency
bands denoted by f1 and f2, respectively. The two networks are assumed to have M orthogonal radio
resources available for allocation in the down-link on each of the frequency bands: one for primary (licensed)
transmissions and the other for secondary (opportunistic) transmissions. All the resources are considered as
statistically identical. Let us focus on a single radio resource unit: a primary user will experience a channel
with its serving base station (BS) denoted by hp and a channel with the potential interference of a secondary
transmission denoted by hsp. Similarly, a secondary user will experience a channel with its serving BS
denoted by hs, and a channel with the potential interference of a primary transmission denoted by hps. All
channels will be modeled as circular complex Gaussian random variables with zero mean and variances
denoted, respectively, by: σ2p, σ
2
s , σ
2
sp, and σ
2
ps. Primary transmissions are regulated by a randomized
Bernoulli process with parameter rp. Secondary transmissions are regulated by another independent random
process with parameter rs. Now, consider primary and secondary users receive packets with N symbols,
denoted here, respectively, by xp = [xp(0), . . . , xp(N − 1)]T , and xs = [xs(0), . . . , xs(N − 1)]T , where (·)T
is the vector transpose operator. The packets comply with the unitary power constraint E[xHp xp] = 1 and
E[xHs xs] = 1, where E[·] is the statistical average operator. The signal received by primary and secondary
users in the absence of interference can be written, respectively, as follows:
yp = hpxp + vp, and ys = hsxs + vs, (1)
where vp = [vp(0), . . . , vp(N − 1)]T and vs = [vs(0), . . . , vs(N − 1)]T are the Gaussian noise vectors which
are modeled as a complex circular Gaussian variables with zero mean and variance σ2v : v(n) ∼ CN(0, σ2v).
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The signals of primary/secondary transmissions in the presence of interference are thus given, respectively,
by:
yp|s = hpxp + hspxs + vp, and ys|p = hsxs + hpsxs + vs. (2)
The instantaneous signal-to-noise ratio (SNR) for primary and secondary transmissions in the absence of
interference in eq.(1) can be written, respectively, as follows:
γp =
|hp|2
σ2v
, and γs =
|hs|2
σ2v
. (3)
The instantaneous signal-to-interference-plus-noise ratio (SINR) for primary and secondary transmissions
in the presence of interference in eq.(2) can be written, respectively, as:
γp|s =
|hp|2
σ2v + |hsp|2
, and γs|p =
|hs|2
σ2v + |hps|2
. (4)
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Fig. 1. Scenario for the analysis of cognitive radio with energy-eﬃcient random transmission.
3. Packet reception model
This section presents the packet reception model for primary and secondary transmissions in the absence
or presence of interference. The correct reception probability of packet transmissions towards a primary and
secondary user in the absence of interference, denoted here, respectively, by qp and qs, are deﬁned here as
the probability that the instantaneous SNRs in eq.(3) surpass a reception threshold β:
qp = Pr{γp > β} and qs = Pr{γs > β}. (5)
Since all channels are Rayleigh-distributed, it can be proved that the SNRs in eqs.(3) are exponentially
distributed with parameters given, respectively, by E[γp] = γˆp =
σ2p
σ2v
and E[γs] = γˆs =
σ2s
σ2v
. Therefore, the
correct packet reception probabilities in eq.(5) can be written as the complementary cumulative distribution
(CCDF) of the exponential distribution valued at β. This yields to:
qp = e
− βγˆp and qs = e−
β
γˆs . (6)
The correct reception probabilities of packet transmissions towards primary and secondary users in the
presence of interference, denoted here, respectively, by qp|s and qs|p, are deﬁned here as the probability that
the instantaneous SINRs in eqs.(4) surpass a reception threshold β:
qp|s = Pr{γp|s > β} and qs|p = Pr{γs|p > β}. (7)
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By substituting eq.(3) in the previous expression for the correct reception probability qp|s, we obtain:
qp|s = Pr
{ |hp|2
σ2v + |hsp|2
> β
}
= Pr
{
|hp|2 > β(σ2v + |hsp|2)
}
= Pr
{
|hp|2 − β|hsp|2 > βσ2v
}
. (8)
By using the change of variables zp = |hp|2, up = −β|hsp|2, and wp = zp + up, eq. (8) becomes:
qp|s = Pr
{
zp + up > βσ2v
}
= Pr
{
wp > βσ2v
}
. (9)
It is now possible to calculate the distribution of wp to derive an analytical expression for qp|s. Let us ﬁrst
consider that the probability density and the characteristic functions of zp and up are given, respectively, by:
fzp (zp) = (1/ẑp)e
− zpẑp and Ψzp (iω) = (1 − iω̂zp)−1, zp > 0, (10)
where ẑp = E[zp] = σ2p, and
fup (up) = (1/̂up)e
up
ûp and Ψup (iω) = (1 + iωûp)
−1, up < 0, (11)
where ûp = E[up] = βσ2sp. Since zp and up are statistically independent, the characteristic function of their
sum wp = zp + up is given by the product of their individual characteristic functions in eq.(10) and (11):
Ψwp (iω) = Ψzp (iω)Ψup (iω) = (1 − iω̂zp)−1(1 + iωûp)−1, (12)
which can be rewritten by partial fraction expansion (PFE) as:
Ψwp (iω) = Ψzp (iω)Ψup (iω) = Ap(1 − iω̂zp)−1 + Bp(1 + iωûp)−1, (13)
where Ap = (1 + ûp/̂zp)−1 and Bp = (1 + ẑp/̂up)−1. The back-transform of (13) gives the CCDF of wp:
1 − Fwp (wp) = Ape−
wp
ẑp .. (14)
Finally, the correct reception probability of a primary transmission in the presence of interference from a
secondary user can be calculated as the CCDF in eq.(14) valued at wp = βσ2v , which can be written as:
qp|s = 1 − Fwp (βσ2v) = Ape−
βσ2v
ẑp . (15)
Following the lines of the derivation of eq.(15), the correct reception probability of a secondary transmission
in the presence of primary user interference is given by qs|p = Ase−
βσ2v
ẑs , where As =
(
1 + ûs/̂zs
)−1, ẑs = σ2s
and ûs = βσ2ps.
4. Performance trade-oﬀ regions
4.1. Throughput region
The main performance metric to be used is packet throughput, which can be deﬁned here as the long-
term ratio of total number of correctly transmitted packets to the total number of time-slots used in the
measurement. In our context, the total throughput for primary user transmissions can be calculated as
the summation of all possible cases of correct packet reception either in the absence of interference from
secondary transmissions with probability rpr¯s, where ¯(·) = 1 − (·), or in the presence of such interference
with probability rsrp. This can be mathematically written as:
Tp = rpr¯sqp + rprsqp|s = rpqp − rprsQp, (16)
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where Qp = qp − qp|s. Similarly, for secondary user transmissions we obtain:
Ts = rsqs − rprsQs, (17)
where Qs = qs − qs|p. Let us now deﬁne the concept of throughput region. For this purpose, let T =
[Tp Ts]T be the vector of stacked throughput values of primary and secondary users, and r = [rp rs]T
be the vector of stacked transmission probabilities. The throughput region CT is the union over all possible
realizations of transmission probabilities [8]:
CT = {T˜|T˜ p = Tp(r), T˜s = Ts(r), 0 ≤ rp ≤ 1, 0 ≤ rs ≤ 1}, (18)
which can be considered as the region where all the possible values of user throughput can be found.
4.2. Sum-throughput vs. average transmit power trade-oﬀ region
Let us now deﬁne the sum throughput as the summation of primary and secondary throughput functions:
T = Tp + Ts = rpqs + rsqs − rprs(Qp + Qs). (19)
In this paper we will assume that the total average transmit power is proportional to the average number of
transmission attempts, which in our context can be written as the summation of the transmission probabilities
of primary and secondary users. This can be written mathematically as follows:
P = k(rp + rs), (20)
where k is a proportionality constant between the transmission probability with the average transmit power.
Having deﬁned the sum throughput and the average power consumption, let us now deﬁne their trade-oﬀ
region. For this purpose, let M = [T P]T be the vector of stacked sum throughput and average power
values. The trade-oﬀ region CM is the union over all possible realizations of transmission probabilities:
CM = {M˜|T˜ = T (r), P˜ = P(r), 0 ≤ rp ≤ 1, 0 ≤ rs ≤ 1}, (21)
which is the region where all values of sum throughput and average transmit power values can be found.
5. Optimization
5.1. Throughput-region
To derive the boundaries of the throughput region, a multi-objective optimization method is here pro-
posed, where all T ’s can be simultaneously optimized. For simplicity, let us address this optimization by
maximizing primary throughput subject to a ﬁxed constraint on the secondary throughput:
ropt = argmax
r
Tp subject to Ts = Gs (22)
where Gs is the limit or bound on the constraint of the throughput of the secondary user. By changing the
value of the constraint Gs it is possible to explore the boundaries of the throughput region, which can also be
regarded as the Pareto optimal trade-oﬀ curve [6]. The solution to this optimization problem can be proved,
by using the method of Lagrange multipliers as in [9], to be equivalent to setting the following Jacobian
determinant to zero [10] [9]:
|Jt | =
∣∣∣∣∣∣∣
⎛⎜⎜⎜⎜⎜⎜⎝
∂Tp
∂rp
= −rsQp + qp ∂Tp∂rs = −rpQp
∂Ts
∂rp
= −rsQs ∂Ts∂rs = −rpQs + qs
⎞⎟⎟⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣ = 0, (23)
where |.| denotes the determinant operator and Jt is the Jacobian matrix. The solution of this equation boils
down to the following expression for the optimum transmission probabilities of primary and secondary
users:
rp
Qs
qs
+ rs
Qp
qp
= 1. (24)
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This expression in eq.(24) and the throughput expressions in eq.(16) and eq.(17) provide a parametric form
of the boundary of the throughput region. The throughput region can be proved to be convex whenever in
eq.(24) by using rp = rs = 1 the condition
Qs
qs
+
Qp
qp
< 1 (low interference) holds. Otherwise, the throughput
region is non-convex (high interference). The throughput region can be proved to be identical to the stability
region of the ALOHA protocol with multi-packet reception studied in [11] for the case of two users.
5.2. Sum-throughput vs. average transmit power trade-oﬀ region
To derive the boundaries of the trade-oﬀ region between sum-throughput and transmit power, let us
follow the lines of the optimization in the previous subsection. For simplicity, we address this optimization
by maximizing the sum-throughput subject to a ﬁxed constraint on the transmit power:
ropt = argmaxr T subject to P = P0 (25)
where P0 is the limit or bound on the transmit power. By changing the value of the constraint P0, it is
possible to obtain the boundaries of the sum-throughput vs. transmit power trade-oﬀ region. The solution
of this optimization problem is equivalent to setting the following Jacobian determinant to zero [10] [9]:
|Je| =
∣∣∣∣∣∣∣
⎛⎜⎜⎜⎜⎜⎝ ∂T∂rp = qp − rs(Qp + Qs) ∂T∂rs = qs − rp(Qp + Qs)∂P
∂rp
= k ∂P
∂rs
= k
⎞⎟⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣ = 0, (26)
where Je is the Jacobian matrix. The solution to this equation can be proved to boil down to the following
expression:
rp + rs =
Qp + Qs
qp + qs
. (27)
This expression in eq.(27) and the expressions in eq.(19) and eq.(20) provide a parametric form of the
boundary of the trade-oﬀ region between sum throughput and average power consumption.
5.3. Optimum transmission policy
Having obtained the boundaries of all the trade-oﬀ regions, let us now derive a transmission policy that
maximizes sum throughput but which is able to keep under control the average transmit power and both
primary and secondary throughput values. This can be expressed as follows:
ropt = argmaxr T subject to P ≤ P0, Tp ≥ αpqp Ts ≥ αsqs, (28)
where αp and αs are the ratio constraints on primary and secondary throughput performance, respectively.
Since secondary transmissions represent the most expensive in terms of throughput in a high interference
scenario (non-convex throughput region), the equality constraint on the secondary throughput Ts = αsqs will
mainly determine the maximum sum-throughput performance. In the following derivation it is assumed that
the inequality constraints Tp ≥ αpqp and Ts ≥ αsqs can be simultaneously achieved. Let us now optimize
the sum-throughput in eq.(19) by considering the equality constraint Ts = αsqs and the inequality constraint
P = k(rp + rs) < P0. After some diﬀerentiation work given by solving ∂T/∂rp = ∂T/∂rs = 0, we obtain:
rp =
qs −
√
αsq2sQp
Qs
√qp and rs =
√
αsqp
Qp
, subject to P = k(rp + rs) < P0. (29)
If these previous values for rp and rs do not comply with the inequality constraint P = k(rp + rs) < P0 then
the maximum sum-throughput solution is given by the intersection of the equality constraint Ts = αsqs and
the power equality constraint P = k(rp + rs) = P0, whose solution, after some algebraic operations, can be
written as:
rp =
kˇQs + qs ±
√
(kˇQs + qs)2 − 4(kˇ − αs)qsQs
2Qs
and rs =
kˇQs − qs ∓
√
(kˇQs + qs)2 − 4(kˇ − αs)qsQs
2Qs
,
(30)
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where kˇ = P0/k. In the case of a convex throughput region, the solution with maximum throughput is also
given by the expressions in (30) as long as the condition rp, rs ∈ [0, 1] holds. If this condition does not hold,
then the solution boils down to the intersection of the boundary of the throughput region close to the primary
user and the power constraint. This can be obtained by setting rp = 1, and the power equality constraint
P = α(rp + rs) = P0. After some algebraic operations we obtain:
rs = kˇ − 1 and rp = 1. (31)
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Fig. 2. High interference scenario
       







7SSULPDU\>SDFNHWVWLPHVORW@
7 V
V
HF
RQ
GD
U\
>S
DF
NH
WV
WLP
HV
ORW
@
US UV 
7KURXJKSXWUHJLRQ
7V DVTV
3URMHFWLRQ73UHJLRQ
7S DSTS
2SWLPXPSROLF\
UHJLRQ 2SWLPXP
7
3 3
(a) Throughput region
          










6X
P
7K
URX
JK
SX
W7
 7
S
7 V
>S
DF
NH
WV
WLP
HV
ORW
@
$YHUDJH3RZHU3 NUSUV>3RZHUXQLWV@
2SWLPXP7
2SWLPXPSROLF\
UHJLRQ
US UV  7V DVTV
US UV 
7S DSTS
3URMHFWLRQ7KURXJKSXW
UHJLRQ
US UV 
3 3
(b) T-P region
Fig. 3. Low interference scenario
6. Results and discussion
This section presents the sketches of the two types of trade-oﬀ region and the proposed transmission
policy. All results are based on the analytical expressions derived in previous sections. Two cases are
considered: one where the interference between secondary/primary users is high, and the second one when
the interference is low. Primary users will be modeled with channel parameter of σ2p = 3, while secondary
users will use a parameter of σ2s = 2. Interference parameters in the high interference scenario will be given
by σ2sp = 8 and σ
2
ps = 8, while in the low interference scenario they will be given by σ
2
sp = 2 and σ
2
ps = 1.
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Reception threshold is set to a value of β = 1. Fig. 2 displays the results in the case of high interference.
The throughput region is displayed in sub-ﬁgure 2(a), and the sum-throughput vs transmit power trade-oﬀ
region is displayed in sub-ﬁgure 2(b) (labeled T-P region). Note that the throughput region is non-convex
and its projection in the T-P region does not match exactly the boundaries of the latter one. We can observe
also that the sum-throughput declines for a high value of transmission attempts, which is the result of the
high interference assumption. Fig. 2 also shows the region (shaded) for which the inequality constraints
Tp > αpqp, Ts > αsqs, and rp + rs < kˇ hold (labeled optimum policy region), where αp = 0.5, αs = 0.1,
and kˇ = 1.5. Note that the optimum sum throughput point (labeled Optimum T) is given by the solution in
(29) which results from calculating the maximum sum-throughput performance along the equality constraint
Ts = αsqs. The projection of the optimum policy region in the throughput region in sub-ﬁgure 2(a) shows
that in a high interference scenario it is diﬃcult to ﬁnd an optimum policy that complies with all the quality
of service and power/energy eﬃciency constraints. Fig. 3 displays the results in the case of low interference.
The throughput region is displayed in sub-ﬁgure 3(a) and the T-P region in sub-ﬁgure 3(b). Note that the
throughput region is now convex and its projection in the T-P region provides a better match than in the
case of high interference in Fig. 2. We can observe also that the sum-throughput now increases for higher
values of transmission attempts, which is the result of the low interference assumption. Fig. 3 also shows
the region (shaded) for which the conditions Tp > αpqp, Ts > αsqs, and rp + rs < kˇ hold (labeled optimum
policy region), where αp = 0.5, αs = 0.4, and kˇ = 1.5. Note that the optimum sum throughput point
(labeled Optimum T) is now given by the solution in (30) which results from calculating the intersection of
the equality constraint Ts = αsqs and the power equality constraint P = P0 (rp + rs = kˇ). The projection
of the optimum policy region in the throughput region in sub-ﬁgure 2(a) shows that in a low interference
scenario it is relatively less diﬃcult to ﬁnd an optimum policy that complies with all the quality of service
and power/energy eﬃciency constraints than in the case of high interference in Fig. 2. Finally it can be
observed in the T-P regions of sub-ﬁgures 2(b) and 3(b) that the minimum sum throughput boundary marks
two overlapping regions where sum-throughput starts to increase: in one case the throughput increases due
to additional primary transmission attempts, and in the other case it increases due to secondary transmission
attempts. The T-P region can thus be observed as a 3-D hyperboloid coming out from the plane of the
reader. These results opens several interesting issues in the geometrical interpretation of resource allocation
for cognitive radio networks with energy-eﬃcient random transmission control.
7. Conclusions
This paper has proposed a framework for design of energy-eﬃcient random transmission policies for
cognitive radio systems that can achieve high sum-throughput gains while ensuring a given level of qual-
ity of service for primary and secondary users. The analysis was initially focused on the derivation of the
boundaries of two types of trade-oﬀ regions: primary vs. secondary throughput, and sum-throughput vs.
power consumption. It is shown that the minimum sum-throughput also delimits the region where pri-
mary/secondary contribution to sum-throughput starts to decline or increase. The optimum transmission
policy is derived for diﬀerent cases with high/low interference and with diﬀerent requirements for pri-
mary/secondary user performance with a constraint in the transmit power. Sketches of the optimum policy
region show the beneﬁts of the approach and also pave the way for more complex geometrical interpretation
of resource allocation and random transmission control in cognitive radio networks. Future work includes
the use of more advanced signal processing such as multiple antenna receivers or cooperative diversity.
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